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Abstract—A theoretical study is made of the propagation through nematic
liquid crystals of surfaces carrying a discontinuity in the orientation. The
continuum theory for liquid erystals is used. It is found that such surfaces
are able to propagate without suffering damping, in contrast with other types
of wave in liquid erystals.

1. Introduction

Theoretical studies of the propagation of various different types of
waves in liquid crystals have been published: weak waves carrying
discontinuities in the second spatial derivatives of the orientation by
Ericksen®™; twist waves by Ericksen®; infinitesimal plane pro-
gressive sinusoidal waves by the Orsay Group,® Martinoty and
Candau® and Currie®; and plane progressive surface waves by
Papoular and Rapini.®7” All these waves are damped, this being
shown for weak waves by Currie,®) and the damping would seem to
be fairly heavy. The purpose of this paper is to examine a type of
wave that may be able to propagate without damping.

The wave is best described as a propagating disinclination surface.
It is a surface across which the orientation in the liquid crystal suffers
a discontinuity. The velocity, however, is continuous, only the
acceleration having a discontinuity; so the wave has none of the
characteristics of a shock wave.

The continuum theory for nematic liquid crystals proposed by
Leslie ©-10.1U jg adopted. It is found that disinclination surfaces are
able to propagate without damping, but that some of their properties
and their wave speeds depend on the assumptions made about the
vector B. This vector arises in the theory from the assumption that
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the magnitude of the director describing the orientation in the
material is fixed. Since p does not occur in the local field equations
it can be determined only through boundary conditions. Thus it is
not clear how B should be restricted at the wave. We explore all
possibilities and show that even if B is zero throughout the material
there is still one direction along which an undamped disinclination
surface can propagate.

It is possible that additional effects not considered here may
modify the behaviour of these waves. For example, it may be
necessary to attribute a surface energy to the disinclination. In the
absence of such further effects, the waves discussed here are exact
solutions of the governing equations. As such they may be of some
experimental interest.

2. Governing Equations

The equations governing the motion of an incompressible nematic
liquid crystal are taken to be those proposed by Leslie.® 10.11) Tn
this theory the orientation in the material is specified by a unit
vector d called the director. In Cartesian tensor notation the
restriction on the magnitude d and the incompressibility condition
on the velocity vector v give

didi =1, didi,k =0, did.i =0,v,;=0, (2-1)

where the superposed dot denotes material derivative. The balance
laws for a material volume V bounded by a surface 4 are

-détjv (%pvivi + W + TS + %Pld‘id.i) dV

= jV (7‘ +F,"Ui+ G,d‘;)dV‘F j‘A (Uia'i'.;—{—l.i,-wi,- —q]) v; dA,

ij p'U,dV=j F,dV—l—j O',;jdeA,
dt v v 4

g't'jv pldde = jv (gz’*'G,,)dV'*“ [A i deA. (22)

Here p is the constant density, p, a positive inertial constant.
d/dt is the material derivative. W is the free energy, T the tempera-
ture and r the heat supply per unit volume. v is the unit normal to
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the surface A. F and G are the external body force and external
director body force. The intrinsic body force g, the stress tensor o,
the director stress =, the entropy 8 and the heat flux vector q are
given by

ow ow
,Bgd +adz ; S = ﬁ 3
qi = K1T1i+K2djTt]dl,
= o= (B0~ T + AN+ Ad Ay,

oy = =P&y;— adW dpi+ iy dd 4 pdid; + pod,N;

+ pad N+ padi; + psdidid i + pedi@icd s - (2.3)
p is an undetermined pressure, y an undetermined scalar and B an
undetermined vector. Both y and B arise from the assumption of
constant director magnitude. The viscosities y,...pus and the con-

ductivities «,, x, are functions of temperature alone. A; = p,—ps
and A, = us ~pug. A and N are defined by

2A,” =vi,i +‘U,-,i, N,; =di+%(v,-,,~—-’vi,j)d,-. (24)
We shall assume that the free energy W has the form proposed by
Frank.®
2W = (o —og —otg)diidl; 5+ aady 505+ agdy 5,

+ (g — o) didyd e oAy 5 (2.5)
ay...oq are functions of temperature alone and are assumed to
satisfy the restrictions imposed by Ericksen @3

o 20,0,>20,0, 20, |a4l<oc2,oz2+cx4<<x1 (2.8)
In addition to the balance laws (2.2) we adopt the usual entropy
inequality

d qiv;
&[V sav - LTdV L_T_dA>o. (2.7)

In regions in which all functions are sufficiently smooth, Eqs. (2.2)
and (2.7) give, after some manipulation, the local equations
WHTS+TS =r—qii+ o0y, +7Tijdi,a' ~g.d,
pv; =F;+o,,,
Pld; =g+ G +my,
T(TS —r+q:;) -Tng; = 0. (2.8)
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3. Jump Conditions

Consider a singular surface across which v and T are continuous
but d and the derivatives of d, v and 7' are discontinuous. We
assume that the surface is plane and is propagating into a region in
which v is zero and d and T are constant. U will denote the speed of
propagation of the surface and n the unit normal to the surface.
Square brackets will be used to denote the jump in a quantity across
the surface, the jump being the value ahead of the discontinuity
minus the value behind.

The balance equations (2.2) and the entropy inequality (2.7) lead
to the following conditions across the discontinuity (Truesdell and
Toupin, 1% Secs. 193, 258):

[W+TS+%pldiczi] U+vioy+dimy—qln; =0,
[oyln; =0, [pyd;]U +[m;]n; = 0,

[81TU -[g;]n; <0O. (3.1)
We define quantities A, B, C and D by
[vi,elng = A;, [TIn; = B, [d; iJn, = C,, [d:] =D;. (3.2)

The compatibility conditions then give (Truesdell and Toupin,®®
Secs. 175-181), assuming that D is constant along the surface,

[vix] = Ay, [v] = - U4, [T,] = Bn,,

[d:i] = Cin, [d] = ;- UC, (33)
where E = §D/5t is the rate of change of D as seen by an observer
moving with the surface.

From now on we shall use d exclusively to denote the orientation
behind the discontinuity. Equations (2.1) and (3.3) give
Dy(D;+2d,) =0, C.d;=0,
Eidi = 0, Aini = 0, (3.4)
The second and third of Egs. (3.1), with the use of (2.3), give

ow
{2[17] -2 [@—:I Crn;—Adyd;n; (pa -+ ps) } n;
%,

= di{2#3(Em - Uop)np + Apdzl(2.u'1dknk d:‘ n;+pzt+ F‘&)}

+2(E; - UC)uadpny + A fuy + (s + o) (drm)}
(3.5)
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and
pLUE; = UC;) + O o + (o5 — 002)(dm5)%) + ity — 25)Csm;5
= —[B;in;]d; - B Ds, (3.6)
where B, = B;n; evaluated ahead of the discontinuity in the region of
constant d. Also, the first equation of (3.1), together with (2.3) and
(3.6), yields
2{k, +xo(d; m,)%}B
= UT (e =~ ) (Os5m5)2 + UT{aty + (ot” — ot" Yy m5)C; Cs
—{oa + (g — ) (d; 3B Oy ~ (o — ) By Oy
+Bo(E; - UC)D;, (8.7)
where o, = do;/d7. Finally, the inequality in (3.1), with the use of
(2.3), (3.3) and (3.7), becomes
{oa + (g — a2)(d; ) B O + (o — ag)Eim; Cymy — Bo(B; ~ UC)D; 2 0.
(3.8)

‘We shall now concentrate on the case when A, B, € and D are
constant and do not vary as the wave propagates through the
material. If such a wave is possible then it is likely to be of experi-
mental interest since it will persist in time and not decay. Since D is
constant and the wave is plane, E = 0. Elimination of [p] from (3.5)
now yields

(d; —nid,n A, d (20, dnydsmy + g+ prg) — 2 UC , m )}

+Adpg+ (s — pa)(din5)% + (0, Cymy — C)20,Ud ymy, = 0. (3.9)
Equation (3.6), with E = 0, gives
Cifog + (g — ap)(d;m)? = p1 U + 140y — 25)0;m5
= =[Binld; - B Dsy  (3.10)
and (3.7) becomes
20y +xeo{d; ) B = UT (ay — ' )(C0m))?

+ UT{az’ + (aal - azl)(djn,-)2}0i Oi - BOUO‘i .D". (3.11)
With E = 0, the inequality (3.8) becomes
B UC,D; < 0. (3.12)

In addition to the above conditions derived from the integral
balance laws (2.2) there are also conditions coming from the local
MOLCALC C
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equations (2.8). Since € is constant there exists M such that
(Truesdell and Toupin, * Secs. 175-181)

(i) = Minyng, [de] = = U Myny, [d] = U M,
Midi+0i0i=0, (3.13)

where (2.1) has been used. The first of Eqs. (2.8) determines
[Ti;Inm;, the second (together with the incompressibility condition
(2.1) on v) determines [p/;]n; and [v; ;. In;n,, while the inequality is
satisfied identically if we assume that the material functions
K1 Mg Ky, Ky satisfy the inequalities proposed by Leslie.@ With
the use of (2.3), (3.3) and (3.13) the third equation gives an equation
containing M and [y]. Elimination of the arbitrary [y] yields

(8i5=did)(yo D; +[G]) + HA: - d: A;d)(Ae = A)d 7y
+(ny = din; d A+ A)A pd 4 (o — )M pmy,
— (g — o)Ay 1y O Cr + Bty — oy )0y}
+ (M —d; M d; e+ (x5 — aa)(d ) — p U
+C0{2(ag ~ 23)C pm Ay + g’ B + (25" — 0”)(n,d)*B
-AU=0. (3.14)

Here y, is the value of y ahead of the wave.

4. The Propagation Condition

Consider now Egq. (3.10). This equation contains terms involving
B, the undetermined vector arising in the theory from the assumption
of constant director magnitude. It can be seen from (2.8) that B does
not enter into the local field equations. Thus B can be determined
only through the boundary conditions, if any, on = or g. It would
appear reasonable to assume that [B - n] is arbitrary in (3.10). How-
ever, it is conceivable that the boundary conditions in both the region
ahead of the wave and the region behind the wave require § constant
across the wave. To allow for all possibilities we consider the
following four cases:

(i) [prn]=0, 8 =0,
(ii) [B - n] arbitrary, B, =0,

(iii) [Brn] =0, By# 0,
(iv) [P - n] arbitrary, B,# 0.
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(i) [B-n]=0,8=0
In this case it follows at once from (3.10) that C = Cn, assuming
oy # ay. But by (3.4) this is possible only if d -n = 0. Thus,if - n
is zero on both sides of an undamped discontinuity the direction of
propagation must be perpendicular to the orientation behind the
wave. Of course, waves can propagate in other directions but it then
follows from (3.6} that E % 0 and so such waves will be damped.
For this undamped wave it is found from (3.9), (3.10) and (3.11)
that
p U = ay, C=0Cn, A =Ad,
A(pg+pa+pe) = 2uUC 26, B = Ta,/C? (4.1)
We note that the wave speed is real, by (2.6). The inequality (3.12)
is satisfied identically.
If we now take the component of (3.14) parallel to n we find the
equation
(YoD; +[Gihm; + o/ BO +3(A; + A)4 - A, UC = 0. (4.2)
Substitution from {4.1) gives an equation determining C in terms of
D, 7T,d and n.
T )2 (pea+ g + pg)C°
+ 2x{Aopig = Arlpea + )} UC
+ 26y (g + g + o) (v D + [Gi])m; = 0. (4.3)
This equation is either a cubic in C or linear in €. Thus there is
always at least one real root for €. If «; is independent of 7' then C
is determined uniquely, but in general there may be three roots for
C. However, all three waves will propagate vw:th the same wave
speed given by (4.1).

(i) [P - n] arbitrary, B, =0

Elimination of [$ - n] from (3.10) gives
Clog + (o3 — aa)(dsn5)% = py UB + (0 —dympd ) (g — 2)Cim; =0, (4.4)
This equation has two solutions for U and €. With the corresponding
value of A found from (3.9) the solutions are, for n = d,

Ci=Cln;—d;n;d,), A;=A@d;~n;d;n;),
p1 U = oy + (a3 — ay)(d5m;)?,
Afpg + pg+ o+ (201 + pg — po — g — pa)(dim5)? ~ 2p14(d;m,)%
= 2UC{ps ~ (g + pa)(d; ;)% (4.5)
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and
Oi = Ofijknjdk, Ai = Aeijknjdky

p1U? = ap + (23 — ap)(d;m)2,
Ay + (s — pa)(d;n5)% = 2u,UCd;m; . (4.6)

Thus for every direction of propagation n there are two types of
wave. In the first type both A and C lie in the plane of n and d,
in the second type both A and C are perpendicular to this plane. The
wave speeds are always real, by (2.6), and the inequality (3.12) is
satisfied identically.

These solutions for the wave speed, and indeed for the discon-
tinuities A and C, are precisely those found by Ericksen® for weak
waves. Thus it should be found experimentally that propagating
disinclination surfaces behave much like weak waves, if B satisfies the
assumed conditions. It is shown by Currie® that high-frequency
sinusoidal waves also propagate with these same wave speeds.

Once again B is found from (3.11). As in case (i) above, Eq. (3.14)
gives a cubic for C for each of the solutions (4.5) and (4.6). In the
case of solution (4.5) the coefficient of C? is non-zero in this cubic.
Thus, in the unlikely situation that the coefficient of C* vanishes, it is
possible that there could be no real roots for C. There would then
be no wave of the type under discussion. In general, however, there
will always be at least one real root for C. For solution (4.6) the
coefficient of % in the cubic is zero, thus ensuring that there is always
at least one real root for C.

(iii) [B-n]=0,B8, #0
Let p=dxn|dxn|= Then from (3.10) we find that
(0 = p)d;m; Dy,
D, d;

O, = BoD;d; Dy prp: L —din, dy (4.7)
foay—ay \Dde— Dendon, dnl—d.n.dn)l’ '

pr U? = oy + (o5~ ag)(d;m)? -

where it has been assumed that neitherd =nnord-n=0. Aand B
can be found from (3.9) and (3.11). Equation (3.14) now determines
M, and does not limit the magnitude of C, in contrast with cases (i)
and (ii).
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From the inequality (3.12) and (4.7) we find the following condition
for a positive wave speed U (so that the wave propagates into the
region of constant orientation and zero velocity):

D,d; (Depe)? _ nD; —d; Dingd <0
ay—ay | Dydg—Dyn,d,n, dyn(l-d,n.dmn)| =
From (3.4) it follows that d-D < 0. Moreover, d and n are unit

vectors. Thus, if a; > o, & necessary condition following from (4.8)
is

(4.8)

n,D;d;n; <0. (4.9)
A sufficient condition for (4.8) to hold, again with a; > a,, is
.D,-dz-—n,-Didjnj>0. (4.10)

The wave speed U in (4.7) is independent of B,. Moreover, if
oy > oy > oy it follows from (2.6) that p, U? > 0, giving a real wave
speed, provided that

D;d{1 +(d;n;)% —n;D,d;n; <0. (4.11)

Thus sufficient conditions satisfying (4.8), and giving a real wave
speed U when oy > ;> «,, are

D;df{1+(d;n;)% <nD;d;n; <D;d; <0. (4.12)

Experiments by Saupe® show that for p-azoxyanisol oy > o > o,

Two particular limiting cases are of interest: if the orientation
behind the discontinuity tends to a direction perpendicular to the
direction of propagation, so that d - n— 0, then p, U2— «;; if the
orientation behind tends to the direction of propagation, so that
d— n, then p; U2—>a,.

(iv) [B - n] arbitrary, By = 0

After the elimination of [$ - n] from (3.10) we find

Clog + (o3 — o) (dy 1)t = pr U+ (0 —dimpd ) oy — a0)Cym;

= Bo(d;D;d; - D,) (4.13)

There are now insufficient conditions to determine € and U
uniquely. U can take any value, other than the wave speeds given
by (4.5) and (4.6). € is then determined by (4.13). This situation is
similar to that encountered by Gurtin and Walsh@”) in their study of

extrinsically induced weak waves in elastic bodies. Little more can
be said in this case.
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Finally, it should be noted that in all cases the wave speeds are
independent of the body forces F and G, although the magnitude of
the discontinuity € may depend on G, as in cases (i) and (ii).
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